Abstract-Recently, substantial attention has been paid to improve the spectral ef ciency of communication setups using different spectrum sharing techniques. This paper studies the throughput of spectrum sharing channels utilizing hybrid automatic repeat request (HARQ) protocols. Considering different HARQ schemes, the unlicensed user throughput is obtained under an outage probability constraint for the licensed user. The outage-limited throughput is obtained for both independent and spatially-correlated fading conditions, where there is spatial dependency between the fading coef cients. The results show that, using HARQ and adaptive power allocation, the maximum throughput is achieved by combination of simultaneous transmission and interference-avoiding spectrum sharing paradigms. The performance of the spectrum sharing networks is not sensitive to spatial correlation, within the practical range, and the throughput changes are negligible at low/moderate correlations. Finally, there is considerable potential for data transmission of the unlicensed user with limited performance degradation of the licensed user.
I. INTRODUCTION
Spectrum is a scarce valuable resource in today's wireless communication networks; with ever-increasing number of wireless devices communicating at high data rates, there is growing demand for spectrum resources. This point has led to complaints about spectrum shortage which is expected to grow even more in the coming years.
To tackle the spectrum shortage problem, several dynamic spectrum management solutions have been proposed among which spectrum sharing is one of the most promising ones [1] - [7] . In a spectrum sharing network, unlicensed secondary users (SUs) are permitted to work within the spectrum resources of licensed primary users (PUs) as long as the PUs quality-ofservice (QoS) requirements are satis ed. In general, there are two methods for spectrum sharing. In a method widely referred to as the interference-avoiding paradigm [3] - [5] , the SUs are not permitted to work within the PUs activation period. In another scheme, normally denoted simultaneous or controlled transmission [6] - [17] , a SU can simultaneously coexist with a PU as long as it works under a certain interference level imposed by the PU QoS requirements.
From another perspective, hybrid automatic repeat request (HARQ) is a well-known approach applied in wireless networks to increase the data transmission reliability and efciency [12] - [20] . The main idea behind the HARQ techniques is to reduce the data outage probability or increase the throughput by retransmitting the data that underwent bad channel conditions. Therefore, it is interesting to study the performance of the spectrum sharing networks in the presence of HARQ.
The effect of optimal power allocation on the performance of the HARQ-based single-user networks has been studied in, e.g., [18] - [20] . Utilizing HARQ in spectrum sharing networks has recently attracted considerable attention, e.g., [12] - [17] . In [12] , [13] , the SU works as a relay helping the PU, which uses incremental redundancy (INR) HARQ. Also, in [14] , [15] the INR HARQ is exploited by the PU for increasing its protection against the SU interferences. Finally, [16] , [17] consider different HARQ protocols for the SU, to maximize the SU average rate under different PU peak/average interference constraints.
In this paper, we study the data transmission ef ciency of an HARQ-based spectrum sharing network. The problem is cast in form of maximizing the SU long-term throughput with an outage probability constraint for the PU. The results are obtained for both independent and spatially-correlated fading conditions, where there is spatial dependency between the fading coef cients. Also, we provide connection between the simultaneous transmission and interference-avoiding paradigms by demonstrating the cases where each of these methods are optimal, in terms of throughput. Different HARQ protocols are exploited by the PU. The SU transmission rates and powers are optimized, in terms of throughput, such that the PU outage probability constraint is satis ed.
The problem setup of the paper is different from the ones in [12] - [15] because, as opposed to [12] - [15] , the SU does not work as a relay and also we consider adaptive power allocation and different QoS requirements. Moreover, in contrast to [16] , [17] , 1) we consider the HARQ feedback for the PU, 2) the results are obtained for different SU and PU QoS requirements and 3) there is no (im)perfect channel state information (CSI) available at the transmitters. The differences in the system model and the QoS requirements make the problem solved in this paper completely different from the ones addressed in [12] - [20] , leading to different analytical and numerical results, as well as to different conclusions.
The theoretical and numerical results show that with HARQ and adaptive power allocation, the maximum outage-limited throughput is achieved by combination of the simultaneous transmission and interference-avoiding paradigms. Also, considering the practical range of spatial correlations, the data transmission ef ciency of the spectrum sharing networks is not sensitive to spatial correlation. Moreover, we present analytical approximations for the performance analysis of the HARQbased spectrum sharing networks. Finally, as demonstrated in the simulations, implementation of HARQ protocols and adaptive power allocation leads to considerable performance improvement in spectrum sharing networks.
II. SYSTEM MODEL
As illustrated in Fig.1 , we consider a standard spectrum sharing network where two primary and secondary users share the same narrow-band frequency with bandwidth W . With no loss of generality, we set W = 1. Let H s m denote their corresponding outputs. Imposed by the power ampli er and hardware constraints, we consider a peak power constraint for the users, e.g., T s m ≤ T peak , ∀m, where T s m is the SU transmission power at the m-th slot and T peak denotes the peak power constraint. We focus on block-fading channels where the channels remain xed during the channel coherence time and then change independently according to their corresponding distributions. In each block, the channel gains are supposed to be known by the receivers which is an acceptable assumption in blockfading channels [12] - [20] . The PU utilizes different HARQ protocols with a maximum of M retransmission rounds, i.e., the PU codewords are (re)transmitted a maximum of M + 1 times. Particularly, two different HARQ protocols are considered for the PU: 1) Repetition time diversity (RTD). This scheme belongs to the diversity combining category of HARQ protocols [19] , [20] where the same data is repeated in the (re)transmission rounds and, in each round, the receiver performs maximum ratio combining (MRC) of all received signals. 2) Incremental Redundancy (INR). The INR belongs to the category of code combining protocols [20] . Here, a codeword is sent with an aggressive rate in the rst round. Then, if the receiver cannot decode the initial codeword, further parity bits are sent in the next retransmission rounds and in each round the receiver decodes the data based on all received signals. No HARQ feedback is considered for the SU. However, the SU listens to the PU acknowledgement/non-acknowledgement (ACK/NACK) signals, and adapts its data transmission rate and power based on the PU HARQ feedback bits. In this way, with a peak power constraint for the SU, the SU transmission powers/rates are optimized, depending on the PU message decoding status, such that the SU throughput is maximized for a given PU outage probability constraint.
III. THEORETICAL RESULTS
Let the PU transmission power in the m-th retransmission round of the HARQ protocol be T p m . Also, de ne R p as the PU initial data transmission rate in an HARQ-based packet, where a packet is de ned as the transmission of a codeword along with all of its possible retransmission rounds. In the following, we rst investigate the system performance for the RTD HARQ protocol and then the results are extended to the case with the INR HARQ. Here, the results are obtained for independent Rayleigh-fading channels. We study the effects of spatial correlation in Section IV.
A. RTD HARQ protocol
Utilizing the RTD HARQ, the same codeword is (re)transmitted by the PU in each (re)transmission round and the PU receiver performs MRC of the received signals. Therefore, after m data (re)transmission rounds the PU equivalent data rate reduces to R p m and the PU received signal-tointerference-and-noise ratio (SINR) increases to
Here, T s i denotes the SU transmission power in the PU's i-th retransmission round.
The data is correctly decoded by the PU receiver at the end of the m-th round (and not before) if 1) the receiver has not decoded the data before, i.e., log(1 + n i=1
) < R p , ∀n < m, and 2) (re)transmitting the data in the mth slot, the PU receiver can decode the codeword, i.e.,
Hence, the probability that the PU message is decoded at m-th round (and not before) is
Note that in (3) we have used the fact that with an equivalent SINR x the maximum decodable transmission rate is 1 m log(1 + x) if a codeword is repeated m times. Also, the PU outage probability is obtained by
Finally, the probability that the PU data retransmission continues until the end of the m-th round is given by
where
, as a maximum of M + 1 (re)transmission rounds is considered for the PU.
Given that the PU is in the m-th (re)transmission round, the SU transmission rate and power are set to R In this way, the SU long-term throughput is found as
which is the expectation of the SU achievable rates for different PU data (re)transmission conditions. Here, (6) comes from some manipulations and the fact that the random variable
follows the cdf
In this way, considering an outage probability constraint Pr(Outage) p,RTD ≤ π for the PU and a peak power constraint T s m ≤ T peak , ∀m, for the SU, the SU throughput maximization problem is represented as
which, depending on the number of retransmissions, can be solved numerically or analytically. The following theorem provides an optimal power allocation rule for the SU under the PU outage-limited condition. The theorem is of interest because it provides connection between the simultaneous transmission and interference-avoiding paradigms of spectrum sharing systems. Theorem 1: For a given PU outage probability constraint, there is a threshold for the order of the PU retransmission rounds below which simultaneous transmission is the optimal transmission scheme, in terms of the SU throughput. However, for the PU retransmission round orders higher than the threshold, interference-avoiding is the optimal data transmission strategy, in terms of (8) . That is, to maximize the SU outagelimited throughput, the SU should work in a time division multiple access (TDMA) fashion, determined by the PU QoS requirement.
Proof. For simplicity, consider a constant transmission power for the PU, i.e., T p m = T p , ∀m (as illustrated in the following, this is not a necessary assumption). In terms of the PU outage probability, (4) does not imply any preference between order of the SU transmission powers, i.e., two SU transmission powers T In words, the maximum throughput is achieved as follows. The SU sends the data with the maximum power T s m = T peak in the rst PU retransmission rounds, i.e., in m < M, (simultaneous transmission paradigm). Then, the transmission power is set to T s M ∈ (0, T peak ] in the M-th round (simultaneous transmission paradigm) and the SU is switched off in rounds m > M (interference-avoiding paradigm), so that the PU outage probability constraint is satis ed. The value of M depends on, e.g., PU (re)transmission powers, the SU peak power constraint and the PU outage probability constraint.
Considering single-user networks, it has been previously shown that, to minimize the outage probability of an HARQbased channel, the optimal (re)transmission powers should be an increasing function of m [21] . That is, in contrast to the SU, the optimal HARQ-based retransmission powers of the PU increase with m. In this way, with the same arguments as before and using T p m−1 ≤ T p m , ∀m, Theorem 1 can be reproved in the case with optimal PU power allocation.
Depending on the number of retransmissions, we may need to calculate the probabilities, e.g., Γ p,RTD m numerically. The following lemma provides an approximation for the probability terms at low SU signal-to-noise ratios (SNRs).
Lemma 1: The low-SNR system performance can be approximated via the following approximation
Thus, the probabilities Γ
Here, the inequality follows from (9) and the equalities come from multi-dimensional integration and some manipulations. Using (10), we can nd Γ p,RTD n , Pr(Outage) p,RTD and Pr(A m ) p,RTD and, consequently, the outage-limited throughput, i.e., (8) .
B. INR HARQ protocol
As mentioned before, the INR protocol is based on an aggressive codeword transmission in the rst round, sending further parity bits in the retransmissions and combining all received representations of the signal at the receiver. Therefore, the results of, e.g., [18] , [20] can be used to nd the PU achievable rate random variable as
In this way, the only modi cations that are required for studying the system performance in the presence of the INR HARQ is to replace the probabilities Pr(A m ) p,RTD , Pr(Outage)
and
The rest of the arguments, such as Theorem 1 and Lemma 1, remain the same. Particularly, we can use (6), (14) and log(1 + x) → x for small x's, to show that the performance of the INR protocol converges to the one in the RTD at low SNRs. Therefore, the low-SNR approximation of Lemma 1 is valid for the INR as well. In the following, we study the system performance for the RTD and INR HARQ protocols.
IV. SIMULATION RESULTS
The simulation results are obtained for the xed PU (re)transmission powers and R p = 0.5, unless otherwise stated. The throughput is presented in nats-per-channel-use (npcu). Moreover, the Rayleigh-fading channel parameters, e.g., λ pp , are set to 1. The simulation results are presented as follows.
Considering the RTD HARQ protocol, Fig. 2 demonstrates the SU throughput versus the PU outage probability constraint. The results are obtained for T p = T peak = 3.2 and 10 which, as the noise variances are set to 1, correspond to transmission SNRs 5 and 10 dB, respectively 1 . The gure indicates that, depending on the PU outage probability constraint and its data transmission rate/power, there might be cases where no spectrum sharing is permitted. However, as the PU outage probability constraint gets relaxed the spectrum sharing becomes possible leading to positive SU throughput. Moreover, the PU robustness to the SU activity increases with the number of retransmissions. Therefore, increasing the number of retransmissions results in higher SU throughput. Moreover, although not included, the same trend is observed in the cases with a higher number of retransmissions. Finally, the gure shows an example for the accuracy of approximation approach of Lemma 1. As it can be seen, there is very high accuracy for the approximation scheme of Lemma 1 at low SNRs. However, it should be mentioned that the rest of the simulation results are obtained by numerical calculation of the probabilities with no approximation. The validity of Theorem 1 is investigated in Figs. 3-4 where the SU optimal transmission powers are obtained for different HARQ protocols. In harmony with Theorem 1, the SU sends the data with higher powers in the rst PU (re)transmission rounds. Moreover, depending on the channel condition, it may occur that the SU turns off in the last retransmission (region U in Fig. 3 ) or in the two last retransmission rounds (region V in Fig. 3) . Also, as the SU peak power constraint gets relaxed, i.e., T peak increases, more powers are given to the rst retransmission rounds and meanwhile the SU power terms associated with the last PU retransmissions decreases, so that the PU outage probability constraint is satis ed (Fig. 4) . when the INR HARQ is utilized by the PU. Also, with hard outage probability constraints, i.e., at low values of π, the PU outage probability is the main constraint determining the SU throughput. However, as the PU outage probability constraint gets relaxed, the SU peak transmission power constraint becomes more important affecting the SU throughput. Therefore, the SU throughput becomes less dependent of the PU status and, as seen in the gure, the throughput of the RTD-and INR-based schemes converges at high values of π. On the effect of spatial correlations: Figures 2-5 are obtained based on the assumption that the fading channels are spatially independent. However, depending on the environmental properties, realistic channels may not be independent [22] , [23] . Therefore, it is important to study the effect of spatial correlations on the system performance. For this reason, we consider the spatially-correlated Rayleigh-fading model where the relations between every two fading random variables H ij and H kl , (k, l) = (i, j), are modeled by
Here, δ ijkl is a known correlation factor modeling the two variable dependencies. This is a well-established model considered in the literature for different applications [23] , [24] . In this way, the joint pdf of the gains is found as
where I 0 (.) is the zeroth-order modi ed Bessel function of the rst kind [23] , [25] . Here, the interesting point is that, according to the above discussions, the only parameters that are affected by the spatially-correlated fading model are the probability terms which should be recalculated based on (16) . However, the rest of the arguments are independent of the fading model. Setting δ ssps = δ ppsp = δ, δ ppss = 0, Fig. 6 investigates the effect of spatial dependencies on the system performance. The results indicate that in the practical range of correlation conditions the fading dependencies do not affect the system performance, in the sense that the SU throughput changes are negligible at low δ's. Therefore, the spatially-independency is an acceptable assumption for the analytical performance analysis. On the other hand, the data transmission ef ciency of the spectrum sharing networks is considerably affected by high correlation coef cients, the range which is not of practical interest. Finally, depending on the parameter settings, the SU throughput may increase or decrease at δ ∼ 1.
V. CONCLUSION This paper studied the outage-limited throughput of the spectrum sharing networks using HARQ protocols and adaptive power allocation. The results were obtained for both independent and spatially-correlated fading channels. The numerical and analytical results show that, using HARQ and adaptive power allocation, the maximum outage-limited throughput is achieved by combination of simultaneous transmission and interference-avoiding spectrum sharing paradigms. This is an interesting result providing an appropriate connection between the papers considering one of these paradigms. Also, we developed tight approximations for the performance analysis of HARQ-based spectrum sharing setups. The performance of the spectrum sharing networks is shown to be not sensitive to spatial correlation, within the practical range of interest. Finally, implementation of HARQ protocols and adaptive power allocation leads to considerable performance improvement in spectrum sharing networks.
